An account of recent progress in relativistic approach to continuum physics is given.
Introduction
The success of the theory of classical continuum mechanics is mainly attributed to the minimality of the postulates employed (motivated by physical considerations), their simplicity and their mathematical rigor. Such postulates have been confined to Newtonian mechanics and classical thermodynamics. The entire Newtonian edifice with the associated Gallilean group, however, is restricted to small velocities and weak gravitational fields.
Maxwell's theory of Electromagnetic fields, which defy the Galleon and Newtonian approach, brought physics into a crisis at the beginning of the 20 th century. The modifications enunciated by Albert Einstein's theory of Special Relativity in 1905 unified mechanics and electromagnetism while the theory of General Relativity publish by Einstein 11 years later brought gravitation into this unification.
In order to develop a satisfactory theory of interaction of thermo-mechanical and electromagnetic fields with matter, the methodology of classical continuum thermo-mechanics must be modified to fit the relativistic scheme. Familiar principles of classical continuum theory must be revised within the framework of four-dimensional space-time.
As a first step in this direction a de nuovo definition of the classical principle of objectivity and material symmetries is required . Based on such a definition the appropriate invariance requirements can be applied to derive forms of constitutive equations which include mechanical, thermal, electric and magnetic fields and their time rates and space gradients. Mathematical methods to solve particular boundary-value problems are the ultimate aim of such endeavor.
In the last thirty years a vigorous research based on such methodology has been developed. There are several areas where applications to continuum relativistic approach has been quite successful e.g. relativistic constitutive equations, non-linear electromagnetic and optical properties of matter, gravitational wave detectors, astrophysics and cosmology etc.
Relativistic Principle of Objectivity
The principle of objectivity or frame indifference, enunciated by RIVLIN & ERICKSEN [1] and by NOLL [2] , has been almost unanimously accepted in continuum mechanics. This principle states essentially that the mechanical constitutive equations of continua must be forminvariant under the group of proper Euclidean transformations. Extension of this principle to thermodynamical and chemical processes in deformable continua has not encountered any serious objection.
The validity of frame indifference for classical mechanics has at times been challenged by several authors. MULLER [3] proved that Boltzmann's equation, together with the kinetic theory of gases applied to a gas of Maxwellian molecules, leads to constitutive equations for the stress and heat flux which contain terms that do not abide by the principle of frame indifference. EDELEN & McLENNAN [4] in deriving the dynamical equations of a gas from Boltzmann's equations through the Chapman-Enskog iterative procedure found that the stress and heat flux exhibit dependence on vorticity tensor in variance with frame indifference. Finally ATKJN & FOX [5] showed that effects similar to those of Ref. (3) can be obtained also for polar fluids.
WANG [6] , in an effort to salvage the long cherished principle of frame indifference from such iconoclastic assaults, argued that the above authors have used series expansion of pertinent functions without proof for convergence. According to Wang's argument the choice of a few terms in such series does not necessarily replicate the behavior of the limit of the series. The same author, however, admits in the above paper that «....the validity of the principle of frame indifference remains an open problem».
It must be emphasized that the requirement of invariance under the Euclidean group goes beyond Newtonian mechanics. Indeed the latter admits only the Gallilean group (i.e. linear transformation between inertial frames) while the classical laws of motion and gravitation do not remain invariant under Euclidean group due to the addition of inertial forces. The principal argument advanced by proponents of the Euclidean group is that the latter is the natural group associated with the classical mechanics concept of rigid-body motion and with the Newtonian concepts of absolute space and absolute time.
For problems of interaction between matter and electromagnetic field it is known that even the Gallilean group (which is a subgroup of the Euclidean) is not adequate. The field equations of electromagnetism admit the Lorentz group of transformations. The monumental success of the theory of Special Relativity is based on the extension of Lorentz group to mechanics.
The proponents of the Euclidean group argue that the relativistic correction to thermomechanical quantities are of the order ν 2 /c 2 where V is the measure of the particle velocity and c the speed of light in vacuum. These terms are indeed insignificant for ordinary applications and become significant only in the realm of subatomic particle physics and astrophysics.
This argument, however, needs a careful analysis. First because it is not possible to derive the Euclidean group from covariance requirements of General Relativity and some kind of relativistic rotating frames. It is known that introduction of rotating frames in Relativity is fraught with paradoxes. Thus the argument by the proponents of the principle of frame indifference that the extension of the Euclidean group to non-mechanical quantities is expected to «give good approximation» is not convincing unless the degree of approximation is defined numerically. In addition a principle cannot be an approximation (good or bad) for it ceases to be a principle.
A second reason is that the argument of «small approximations» is not valid for electromagnetic fields where terms of order v/c play important role in electrical engineering. In fact generation of power by electric motors is attributed to such terms. And terms of this order appear only if we apply Lorentz transformation in the electromagnetic field. Thus in a problem of interaction of both thermo-mechanical and electromagnetic with matter we will have to treat the mechanical functions and variables as Euclidean tensors and simultaneously the electromagnetic quantities as Lorentz tensors. The situation becomes worst in phenomena attributed to time rates and space gradients of electromagnetic quantities. On account of the above objections several researchers have attempted to re-define objectivity from the point of view of relativistic physics. BRESSAN [7] proposed to replace for frame indifference with the principle that «Constitutive equations must involve only absolute quantities»i.e. relativistic Lagrangean tensors playing the role of intrinsic variables.
However it is not clear how the dependence on Lagrangean tensors is derived from an extended concept of objectivity and an associated invariance axiom consistent with the principles of relativity.
GROT & ERINGEN [8] postulated that the constitutive equations of special relativity must be expressed in terms of Lorentz tensors. It is difficult, however, to demonstrate emergence of such requirement from relativistic principles. LIANIS [9] , in an attempt to correlate Lorentz transformations with the classical concept of objectivity, postulated that all independent variables in a constitutive equation must be components of tensors in a <<proper Lorentz frame» . Both of the above approaches lead to Lagrangean tensors.
All these postulates, however, suffer from two drawbacks. First they single out proper Lorentz frames (and corresponding observers) as a privileged set i.e. inertial frames for which Special Relativity specifies validity of Lorentz transformations. In that respect they are not in accord with covariant principles of General Relativity where all frames of reference, not only inertial, should be treated on equal footing. Second such an approach is not adequate for constitutive functional involving the entire past history of the independent variables. This is obvious because for a material particle in an arbitrary accelerated motion no single inertial frame exists which remains proper (i.e. co-moving with constant velocity) along the particle's past worldline.
Another difficulty arises if gradients on non-mechanical variables evaluated at the particle enter as independent variables where the proper Lorentz frame introduces certain ambiguities. These gradients require knowledge of the value of the variable under consideration in an arbitrary small material neighborhood of a particle say P. But to measure the gradient one requires information about the physical conditions both at Ρ and at a neighborhood particle say P\ Bur since Relativity strips space and time of their Newtonian absoluteness, an observer comoving with Pis permitted to obtain information about conditions at P' only through light signals emitted atP, reflected byP'' and received back by P. Since such signals propagate with finite velocity the instance of emission SjbyP, the instance of reflection S by P' and the instance of reception back S2 by Pare different. We therefore have three different proper Lorentz frames corresponding to times Sj ,S and S2. A requirement of objectivity based on the idea of proper Lorentz frames cannot single out any one of these three frames as the most objective.
BRAGG [10] suggested a different definition of objectivity through his «principle of nonsentient response». To that end he introduced the definition of «apparently identical motions» as those motions which preserve the signaling process between material particles of a continuum. Based on such definitions BRAGG postulated that the stress tensor corresponding to apparently identical motions is the same. This postulate enabled BRAGG to arrive at a measure of relativistic strain tensor identical to that of Refs. [7] , [8] , [9] .
SODERHOLM [11] proposed another variant of objectivity. He introduced the class of «equivalent motions» though a mapping function that satisfies certain equivalence relations and he defined a functional of the history of motion in the neighborhood of a particle as «objective» if its value is the same for all equivalent motions.
The works of Refs. [10] ,[l 1] have in the opinion of this author the same drawbacks. They arrive at definitions of objectivity through a sequence of postulates and axioms which, despite their mathematical elegance, have no clear physical meaning consistent with the relativistic philosophy. Besides both approaches deal with equivalent motions without the concept of proper frame which is basic to a meaningful definition of objectivity. Thus while kinematic quantities can be calculated no relations between non-kinematic (i.e. thermodynamic, electromagnetic) quantities can be deduced without additional assumptions, definitions and perhaps extraneous postulates.
In an effort to remedy these drawbacks LIANIS [12] proposed that a definition of objectivity consistent with the spirit of relativity should include a statement that «a constitutive equation describing the physical conditions in the neighborhood of a material particle must contain only information which is irrelevant to the position of the particle in space-time and that this information must be obtained by physically accepted measuring operations».
Coordinate Systems
In relativity the mathematical model of the physical universe is the 4-dimensional Riemannian differentiable manifold of space-time L 4 . An «event»* is mapped into L 4 through its spatial and temporal locations while the continuous sequence of events associated with the *The concept of «event»is associated with the spatial and temporal location of a material particle i.e. with the statement that a certain particle is «here, now». ** Greek indices take the values 1,2,3,4. Latin indices, corresponding to spatial components, take the value 1,2,3, while index 4 denotes temporal components. *** Repeated indices denote summation over their range. **** Proper space is the 3-dimentional hypersurface embedded in L 4 whose point-events are considered simultaneous with his (or her) spatial origin by the observe w history of a particle Ρ forms a curve Wp called the «worldline of Ρ». These locations are described by four real numbers. The operations employed by an observer to find the space-time coordinates define the «coordinate system» while the four numbers x a = {x 1 
oc where g a ß is the fundamental metric of the coordinate system X . Obviously since the righthand side of (1) is invariant under change of coordinates so is the proper time.
Let us consider now (Fig.l) the worldline W of an observer executing a general (i.e. arbitrarily accelerated) motion in four-dimensional space-time. We parameterize W in terms of the proper time along it:
The unit 4-vector u(s) tangential to W is defined as the «world velocity» of the observer (g a ß(s)u a (s)uß( s ) = -l)
Let us now specify how we go about in setting up a reference frame for the observer W. A version of a frame adequate for a material neighborhood around the observer can be supplied by an orthonormal vector tetrad A^(s) (μ=1,2,3,4) co-moving with the observer. We require the time axis of this tetrad to coincide with the time axis of an inertial observer momentarily at rest with respect to W. Therefore the time axis of the tetrad must coincide with Ü(s), i.e.
Aj (s)=U(s).
We require in addition the three spatial axes of this tetrad represented by A,g(s) (m =1,2,3) span the observer's «proper space»**** . The latter, according to the theory of relativity, is a 3-dimensional geodesic hypersurface normal to the worldline W. Thus Λ,g span the 3-dimensional space tangent to this geodesic at the point of intersection with W.
We finally require that the tetrad to be non-rotating with respect to the «compass of inertia» i.e. with respect to inertia-guidance gyroscopes tied to the observer.
It can be proved [13] that these requirements are satisfied if Ajj is «Fermi-Walker transported» Space Coordinates 
and V denotes the covariant derivative of A "
Associated coordinates
We must now provide appropriate coordinate systems that involve only physically acceptable measuring operations. To fix ideas let us assign to a generic material particle (in the neighborhood of which we desire to derive constitutive equations) the label {x K } (K =1,2,3) -
The label denotes coordinates of the particle at a reference state and remain constant during the deformation of the body. We denote by w " the worldline of the particle -j X f (Fig.2) ,
and by S the proper time along w . . To avert subjective judgment by the observer we must eliminate any relative motion between the observer and the particle under consideration. This On the above geodesic hypersurface let G(s) be the geodesic curve that originates at N(s) and intersects \V (X K +dX K ( at the event P. We denote by JLl(s) the unit vector tangential to G(s) at N(s) and by σ(Ρ) the arc length of (NP). On W K the event (X ) Q, (s ( ) is such that if a light signal is emitted by the observer at that event the signal arrives at the event Ρ. The same signal is reflected by Ρ and its reception by the observer takes place at the event Q 2 (s 2 ).
There are two coordinate systems that define the space-time position of the event Pin the reference frame Ap-(s) [13] : LIANIS [12] using the above definitions, the properties of Fermi-Walker transport and the requirement that the only relevant variables are tensor components in either the Fermi of the Optical coordinates, arrived at forms of constitutive equations that are the relativistic extension of classical continuum constitutive theory. In a general system of coordinates {x p }deformation gradients appear through the relativistic Green-Cauchy strain tensor identical to that of BRAGG [10] . However this formulation guarantees the validity of the forms of constitutive equations to General as well as Special Relativity while BRAGG's formulation is confined to flat spacetime.
Regarding the deformation gradients the formulation by LIANIS includes the Lagrangean forms of both the relativistic strain rate as well as the spin tensor. The latter has been excluded from the constitutive functions of classical continuum on account of the Euclidean frame with its arbitrary time-dependent rotation, an assumption which LIANIS felt was not justified in relativity where rotating frames lead to many paradoxes.
The formulation of Ref. [12] by LIANIS extended to temperature gradients, the electromagnetic vectors (absolute vector), magnetic induction (axial vector of weight +1) dielectric displacement (relative vector) and magnetic intensity (axial vector) as well as their space gradients and time rates. Material symmetries impose further restrictions in the form of constitutive equations.
The above variables cover a wide range of phenomena which have been observed in interaction of thermal and electromagnetic fields with magnetized and polarized materials and in optical phenomena attributed to material non-linearities. Extensive studies of such phenomena were presented by MAUGIN [14] , [15] .
Justification of the Choice of Fermi-Walker Coordinate System
So far we have considered a material particle {X K }and its material neighborhood N (XK) where we desire to set up constitutive equations in conjunction with the Fermi-Walker tetrad and the associated Fermi or Optical coordinates. We notice that while in classical mechanics the choice of Euclidean frames was justified as the only rigid frames of reference, no such attribute was attached to our choice for corresponding relativistic studies. It is, therefore, natural to question whether an a priori choice of the FermiWalker system can be justified only on their property of being co-moving and non-rotating without reference to the concept of rigidity.
To describe the motion of a material neighborhood of W (xK) we must furnish, in addition to the coordinate system a relativistic version of a «proper reference frame». In General Relativity a «reference frame» Γ is defined as a Comparing distances between material particles of a continuum body with distances between nodal points of such a rigid frame we obtain the simplest form of measure of deformation.
In relativity the frame that we assess that complies with objectivity requirements must reveal somehow the motion of all particles in the neighborhood Χ (χΚ) relative to {X K }. The observer measures deformability by identifying simultaneous positions of these particles through coincidence «nodal points» at different moments of his (or her) proper time. With these the observer must be able to describe objectively and unambiguously the deformation in Χ (χΚ) . The only way to accomplish this task is to furnish the observer with a co-moving frame that remains rigid in Χ (χΚ) where rigidity should be defined in accord with the theory of relativity.
In such a frame the distances between nodal points should remain constant with respect to the observer who, as we have pointed out, executes a general (i.e. accelerated) motion following the motion of the material particle {x K }. We will call such a frame «Rigid Proper Frame». We will demand that the rigidity of such a frame be ensured not only at the observer's spatial origin but in the entire (infinitesimal) neighborhood Ν (χ1ί) . Accordingly: It will not be sufficient that departure from rigidity of the frame at nodal points corresponding to {X K + dX K } to be of order of magnitude of the distance between {X K } and {X K + dX K }but at least of order of magnitude of square of this distance» Before we examine whether a Fermi-Walker coordinate system adopted to a reference frame abides by the above requirement, we need to define «rigidity» in the relativistic sense. The following definition of rigidity given by BORN [16] has been unanimously adopted: «Α continuous body is called rigid in a certain neighborhood if the distance between every pair of particles in the neighborhood measured orthogonal to their worldlines remains constant during the motion»
In Fig.2 we see that σ(Ρ) representing the distance between the events Ν and Ρ is measured on a geodesic perpendicular to W (xK) . In other words Ν and Pare simultaneous events lying on the proper space of the observer.
To give a mathematical expression to the Born-type of rigidity we must introduce some definitions. Let ü={u a ,u a } be the covariant and contravariant components in a general system {x a } of the relativistic velocity field defining the motion of the continuum. Given the metric g^gj^gaej of space-time we can define the covariant derivative V p u a of the velocity field.
Let us now define the tensor:
Rosen's condition of rigidity: ROSEN [ 17] proved that the necessary and sufficient condition for a congruence of worldlines to belong to a Born-type rigid motion is that the relativistic velocity field satisfies everywhere the relations:
where u (a ß) denotes the symmetric part of Uoß given by equ. (9) . Now a proper rigid frame Γ can be conceived as a continuum executing a rigid motion in the BORN sense denoted by a congruence of worldliness C R . For our purpose the mass of this congruence is assumed small so that its effect on the metric of space-time to be negligible. We consider also a Fermi-Walker coordinate system adopted to Γ. Let χ^(Δ = 1,2,3) be the Fermi coordinates of the nodal point of the frame. Since we have adopted Fermi coordinates to the frame we will have, according to equ. (8), Γ: x § =const., x'=s (11)
We can visualize Γ as a scaffold co-moving with the observer the nodal point of which are connected by rigid rods.
LIANIS & PAPASTAVRIDIS [18] proved that at a generic event Ρ of C R the following relation expressed in an arbitrary coordinate system {x p }is satisfied: 
Equation (13) shows that a frame Γ whose nodal points have constant Fermi spatial coordinates is both proper and rigid in the neighborhood of a material particle co-moving with the observer. This assessment justifies the results of Ref.
(l2) where the requirement of objectivity relied on inclusion in the constitutive function as independent variables of the histories of components expressed in Fermi coordinates.
Gravitational Wave Detectors
From the moment of publication by Albert Einstein of the equation of General Relativity it has been speculated that redistribution of the mass of heavy astronomical objects would cause variation of local Riemann curvature of space-time. Such variations would propagate as gravitational waves with the speed of light. This is the fundamental difference between General Relativity and Newton's law of gravity which allows action-at-a-distance.
The gravitational waves carry energy which results to dynamic perturbations of local space-time metric. Interacting with deformable test bodies such a metric perturbation could generate elastic vibrations. The detection of such vibrations can be correlated to the energy of gravitational waves.
Studies on such interactions with adequate detectors were initiated by WEBER [19] and PAPAPETROU [20] . A solution of the interaction can be obtained by assuming that the background metric for weak gravitational fields is the Minskowski metric ^(Equ. (7)) . Its perturbation caused by a passing gravitational wave h^ =g a ß-'n a p is considered small enough to linearize the Riemann curvature with respect to h^. The solution of such interaction involves, beyond the linearized gravity equation of General relativity, the relativistic constitutive equation of an elastic body for which the general theory of Ref. [12] can be employed.
MAUGIN following such a procedure derived expressions for the response of an elastic detector [21] and for Kelvin-Voigt type of a viscoelastic material. [22] . GAMBINI [23] using the method of PAPAPETROU [20] formulated differential equations for wave propagation for an elastic and a Kelvin-Voigt type of viscoelastic detector.
PAPASTAVRIDIS & LIANIS [24] studied interaction of gravitational waves with detectors obeying a relativistically invariant constitutive equations expressed in terms of memory functional.
Continua as Cosmological Models
Let us introduce the following tensors that describe the four-dimensional geometry of space-time: a)Riemann curvature tensor R"^:
where In General Relativity one often employs a fluid or an elastic continuum model to express the energy-momentum tensor that represent the sources of the gravitational field. The fluid description is an appropriate model for cosmological studies. A normal procedure for solving relativistic hydrodynamic problems is to assume an equation of state that relates the mass density, the pressure and the time. The average proper density can be calculated by evaluating the rest mass of galaxies, intergalactic clouds and electromagnetic radiation. The cosmological pressure represents the interaction between the molecules of this model which in this case are galaxies. Fluid behavior is also used to model material behavior of certain stars.
For a perfect fluid the constitutive equation for the energy-momentum tensor takes a form which is the relativistic equivalent of perfect fluids in classical hydrodynamics. In the absence of (21) into (19) we obtain a differential equation for the metric. The elastic solid model has been useful in the derivation of equations for infinitesimal elastic deformations of gravitational wave antennas. Such methods have been also used by WEBER [25] and by DYSON [26] to study the earth's and moon's vibrational modes due to gravitational waves.
Elastic constitutive equations have also been employed in astrophysical problems for superdense masses of certain stars. For instance neutron stars are thought to be in elastic state. The self-gravitation of such stars generate enormous isotropic stresses comparable to the elastic modulus. In this case a relativistic theory of elasticity is required in which the velocity of sound waves is comparable to the velocity of light. Elastic constitutive equations have been proposed by HERNABDEZ [27] and related to the gravitational field theory to derive equations for the metric. GLASS & WINICOUR [28] , [29] studied similar problems by establishing a generalization of Hook's law for a prestressed elastic body.
Conclusion
In this presentation we have attempted to emphasize the importance of a proper formulation of relativistic constitutive equations. Intuition from classical continuum experience alone can lead to erroneous mathematical treatment. In formulating constitutive equations we must be continuously consistent with the concepts and the spirit of relativity theory. Emphasis was given to the concept of objectivity where we found that mere extension of the classical approach is neither necessary nor sufficient.
